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ABSTRACT: In order to describe the deformation properties due to the martensitic transfor- 
mation and the R-phase transformation of TiNi shape memory alloy, a thermomechanical 
constitutive equation considering the volume fractions of induced phases associated with both 
transformations is developed. The proposed constitutive equation expresses well the properties 
of the shape memory effect, pseudoelasticity and recovery stress. 

1. INTRODUCTION 

In shape memory alloy (SMA), the residual strain of several percent disappears by heating which is 
called the shape memory effect (SME) and the transformed strain recovers by unloading which is called 
the pseudoelasticity (PE) or superelasticity. These deformation properties occur due to the martensitic 
transformation (MT). In TiNi SMA, the properties occur not only due to the MT but also due to the 
rhombohedra1 phase transformation (RPT)[l-31. Therefore, the deformation behavior of TiNi SMA due to 
the MT and the RPT is very complex. 

In order to design SMA elements, the stress-strain-temperature relationship is necessary. For this 
purpose, the authors proposed the theory which was useful for the practical application and described 
well the deformation behavior due to the MT[4-71. In the theory, a stress-strain-temperature equation was 
used considering a volume fraction of induced phase. Furthermore they proposed a constitutive equation 
which described the deformation properties due to the RPT[8-101 

In the present study, based on the previous studies, a constitutive equation which describes the 
deformation behavior associated with the MT and the RPT is proposed. Based on the experimental data, 
the material parameters are determined and the calculated results are compared with the experimental 
results. It is ascertained that the proposed theory is useful for design of SMA elements. 

2. THEORY 

2.1 Constitutive Relationship 
In the present study, the stress-strain-temperature relationship is discussed in the case of uniaxial 

tension. For a constitutive equation which describes the deformation behavior associated with the MT 
and the RPT, the constitutive equation which is developed based on the relationship in the previous 
studies[4-91 is proposed. 

We assume the following constitutive equation which describes the thermomechanical behavior of the 
material. 

tr= ~ k . +  of+ nj+ Y,j (1) 
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We assume the following transformation kinetics which governs the progress of the transformation. 
5 = E(0, T )  (2) 
7 ] =  H(O,T)  (3) 

In these equations, a ,  E and T represent the stress, strain and temperature, respectively. The internal 
state variables 5 (01  5 1  1) and 7/ (05 7 1  I )  represent the volume of the martensitic phase and the 
rhombohedra1 phase (R-phase), respectively. The volume fractions 5 and 77 satisfy the conditions: 
01  5+ 175 1. The volume fractions 5 and 7 are respectively prescribed by the transformation kinetics (2) 
and (3). 

The dot on the letter in Eq.(l) denotes the time derivate. The coefficients D and O represent the 
modulus of elasticity and the thermoelastic constant, respectively. The quantity In/ul or I Y / D I  represent 
the transformation strain range due to the MT or the RPT, which denotes the maximum recoverable 
strain and can be evaluated from the crystallographic difference between the parent (austenite) phase 
and the martensitic phase or between the parent phase and the R-phase, respectively[4-91. 

2.2 Transformation Kinetics 
We assume the concrete form of the transformation kinetics (2) and (3) which describes the progress 

of the transformation. Firstly, with respect to the MT, we employ the followirlg form, the same as the 
previous paper[4-71. 

(/(l - 5) = b n r c ~ T  - b ~ & >  0 (4) 
- ~ / < = ~ A c A T - ~ A & > o  (5) 

Equation (4) is applied to the MT and Eq.(5) to its reverse transformation. The coefficients bnr, C M ,  b~ 
and CA are the material constants. If we assume that these material parameters are constant and 
integrate Eqs.(4) and (5), we obtain the following equations. 

5 =  1 - expjb,wC~(Ms - 7') + b w ~ j  (6) 
C= e x p { b ~ C ~ ( A s  - T )  + b~ 0-1 (7) 

Ms and As respectively represent the temperatures at which the MT and its reverse transformation start 
under stress-free conditions. The MT starts or completes when {=0 or <=I  in Eq.(2), respectively. 
These conditions are represented by the curves on the stress-temperatwe plane and are referred to as 
the transformation starting line and the transformation completing line. With respect to Eqs.(G) and (7), 
the equations for these lines are obtained by taking ( = 0  or (=0.99, instead of 1, as usual in metallurgy. 
Each transformation progresses in the respective region between these two lines, which is called the 
transformation zone. 

Secondly, with respect to the RPT, we employ 'the following form, the same as the previous paper[8,9]. 
77= b ~ ' ~ n r ' ( T -  Mst)- b ~ l ' a  (8) 
77= 1 + bnlca'(As'-T)+ ~ A ' O  (9) 

Equation (8) is applied to the RPT and Eq.(9) to its reverse transformation. The coefficients b ~ ' ,  C M ' ,  b ~ '  
and CA' are the material constants. Ms' and As' respectively represent the temperatures at which the 
RPT and its reverse transformation start under stress-free conditions. The RPT starts or completes 
when 77=0 or q=1 in Eq.(3), respectively. These conditions are represented by the curves on the stress- 
temperature plane. 

At the [ow temperatures of T I  Ms' and T 5  AS',  the starting and completing stresses of the RPT and its 
reverse transformation are almost constant. Thus we assume that the respective starting and completing 
lines of the transformation are expressed as 

o= OhfO' ( 1 0 )  
a= O M ~ ' - ~ / ~ M '  ( 1  1 )  

for the RPT and 
o= CAO' (12) 
O= O A ~ I -  I / ~ A '  ( 1 3 )  

for its reverse transformation. Therefore the starting and completing lines of the RPT are represented by 
the respective bilinear lines. Each transformation progresses in the respective region between the two 
bilkear lines. 

2.3 Stress-Strain Curves 
The stress-strain curves for uniaxial tension at constant temperature are shown in Fig.7. When we 



draw up Fig.1, we consider the following points. If the specimen of TiNi SMA is loaded in tension at 
constant temperature, the RPT appears at first and the MT follows. During the progress of each 
transformation, the interface between the induced phase and the parent phase moves like Luder's bands 
in the yield stage of mild steel[l I]. 

S t r a i n  
0 C m 

S t r a i n  

(a) T c  A S ,  E,,> (b) 7' > A / ,  G~ < fir ( c )  1'> A / ,  a,, 

Fig.1 Stress-strain curves at constant temperature T and transformation strain ranges 

As shown in Fig.1, in the case that the RPT starts at first under the stress a/3', if the volume fraction of 
the R-phase is r ,  the volume fraction of the parent phase is 1- 71. If the RPT completes under the stress 
mf', 11=1 In the case that stress increases after completion of the RPT and the MT starts under the 
stress on,,, if the volume fraction of the martensitic phase is 6, the volume fraction of the R-phase 17 is 
1-6. If the MT completes under :he stress onv, 6=1 and 17=0. 

3.  RESULTS AND DISCUSSION 

3.1 Coefficients and Transformation Lines 
We carried out the tensile tests at a constant temperature and the heating tests under a constant strain 

for Ti-55.3wt%Ni SMA wire, 0.75mm in diameter. The respective values of coefficients for the MT and 
the RPT determined based on the experimental results are shown in Tables 1 and 2. Because the 
thermoelastic effect is small in the range treated in the present paper, we assume 0=0. Although the 
modulus of elasticity D depends on T, 5 and 71, we assume that D is constant because we are 
describing the overall behavlor of SMA uslng a srmple model and are proposing the model useful for 
design of SMA elements. The transformation strain range In/l~l due to the MT increases in proportion to 
T and the range I Y / I J ~  due to the RPT decreases. Therefore if D is assumed constant, the coefficients 

and Y are expressed as follows. 

Table 1 Coefficients for the MT 

Table 2 Coefficients for the RPT 

1) 

Cl'a 

60 

n l '  

MPa/K 

6.19 

U &  
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Ml'a 

25 

A s '  
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b A '  
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c M 
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-0.028 

C A '  
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R = m T + n  (14) 
Y = r n ' ~ + r t '  (15) 

The starting lines and the completing lines for the MT and its reverse transformation Ms, Mr, AS and 
Ar and the starting lines and the completing lines for the RPT and its reverse transformation Msl, Mr', 
AS' and A/' determined by using these coefficients are represented by the straight lines on a stress- 
temperature plane. The reverse transformation lines will be shown in Figs. 3 and 4. 

3.2 Stress-Strain Relationship 
The stress-strain curves with various maximum strain ~m for the tensile tests at T=303K and 333K are 

shown in Fig.2. In Fig.2, thin curves represent the experimental results and thick curves the calculated 
results. In the case of T=303K, residual strain appears after unloading and diminishes by heating under 
no-stress, showing SME. In the case of T=333K, the transformed strain recovers by unloading, showing 
PE. 

Comparing the thin curves with the thick curves, we find that the calculated results quantitatively 
describe the overall stress-strain relationship due to the RPT and the MT. 
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Fig.2 Stress-strain curves for the tensile tests at constant temperature 

3.3 Stress-Strain Curves and Recovery Stress 
Stress-strain curves and stress-temperature curves for the heating tests under constant residual strain 

which appears during loading and unloading precesses at T=303K and these under constant maximum 
strain are shown in Figs.3 and 4, respectively. In Figs.3 and 4, thin curves represent the experimental 
results and thick curves the calculated results. In the stress-temperature diagram in Figs.3 and 4, the 
reverse transformation lines AS and Ar for the MT and these AS' and Ar' for the RPT are plotted by 
chain lines and dashed lines, respectively. As seen from the stress-temperature curves during the 
heating process in Figs.3 and 4, in the case of ~ m l  I%, recovery stress increases along the reverse 
transformation line for the RPT. If c;n is in the MT region, recovery stress increases at first along the 
reverse transformation line for the RPT and increases after that along the reverse transformation line for 
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