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Abstract: The martensitic phase transition (MPT) from fcc to hcc is studied by a new
combination of established methods. A continuous change between the two phases is possible
according to the Bain transition in which the c/a ratio in a body centered tetragonal structure is
varied between d2 and 1. As an example the electronic structure of Sr is determined by quantum
mechanical calculations employing the full-potential linearized augmented plane wave (LAPW)
method (as embodied in the WIEN code) in which exchange and correlation effects are described
within the local spin density approximation. From these calculations we obtain the total energy
as a function of the Bain variable c/a and the volume. The resulting energy surfaces E(c/a,V)
valid at T=OK define the ground state and show e.g. the relative stability along the Bain transition.
In a second step, this T=OK quantum mechanical total energy surface is fitted to a GinzburgLandau model to study finite temperature effects by treating fluctuations of the two order
parameters c/a and V. This combined approach allows to describe the temperature induced first
order phase transition between the fcc and the bcc phase as being driven by strain fluctuations
rather than by phonon softening.

1. INTRODUCTION
Martensitic phase transitions (MPT) have interested scientists for more than a century leading to
an enormous literature, but still many open questions remain. The high complexity of temperature induced
structural phase transitions is due to the combination of quantum mechanical (e-g. chemical bonding) and
thermodynamic effects (finite temperature phase stability) which also appear on different length scales
starting from the microscopic movement of single atoms over a mesoscopic scale on which crystal
structure effects (tweed or twinning) take place up to a macroscopic (engineering) scale where industrial
applications are performed (e.g. the shape memory alloys). In contrast to diffusive phase transitions the
MPT is a collective phenomenon where a crystal undergoes a first order transition from an austenitic (high
temperature) modification to a martensitic (low temperature) structure with a hysteretic behaviour typical
for this phase transition. An overview about the multitude of physical and chemical effects which add up
to what is known as a MPT is given for example in the book by Olson and Owen.(')
The first ideas about a possible mechanism for MPTs go back to the work by Zener(2) who
suggested that a softening of the shear mode is responsible for the instability of the parent lattice. Friedel(3'
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attempted to provide a thermodynamic argument for the MPT and proposed that these transitions are
driven by the entropy which, for the high temperature phase, should increase with temperature due to a
lowering of phonon frecluencies. Based o n these ideas the first n~icroscopicmodel was given by C ~ c h r a n ( ~ '
and ~ n d e r s o n ' ~who
' formulated the soft-mode model according to which the effective frequency of one
phonon branch becomes zero at a temperature T,, triggering the phase transition. In contrast to these ideas
are the models with little phonon softening which rely on anham~onicitiesof the phonon branche~.'~'.~)
Krumhansl and ~ o o d i n ~ 'proposed
"
such a model i n which arlharmonicities in the order parameter of a
Landau-type model are sufficient to describe a first order phase transition. The formal equivalence
between magnetic and martensitic phase transitions was noted by Lindgird and Mo~ritsen'~'
who aeated
the MPT on the basis of an Ising model. An additional aspect is the kinetics associated in such a
transformation. From this brief overview it becomes clear that a theoretical model which covers all
properties mentioned above will be difficult to develop and is indeed not yet at hand. However, enormous
progress in the understanding of this highly conlplex phenomenon has been made during the last years.
The present paper tries to elucidate the microscopic part of the problem and is organized in two major
parts: i) we investigate by means of highly precise band structure calculations the energetics of a special
transition between the fcc and the bcc lattice in Sr, ii) we use these quantum mechanical T=OK results
in a Landau-Ginzburg model with which we study the influence of fluctuations of the "geometrical" order
parameters which are found to drive a first order phase transition.
If a cr)lstal undergoes a transition from one structure into another, individual atoms in the unit cell
or co~npleteatomic planes in the whole aystal must move to new positions in an orderly fashion. Out of
the 23 possible geometries for such a transition between the body centered cubic (bcc) and the face
centered cubic (fcc) crystal structure the Bain
transformation is by far the simplest. It is known since
1924 when E.C. ~ a i n " " described
'
this transition between
the bcc and the fcc structure via a terragonal distortiori
shown in Fig. 1. Both the fcc and the bcc lattice can be
thought of as a special case of a body centered
tetragonal (bct) unit cell.
111 the fcc case 0 and h are eclual and the lattice
vector c has the length ad2 while in the bcc case all
three lattice vectors have equal length. The Bain- ~i~~~~ 1: ~~d~ ccn,ercd tetragonal met) cell of an fee
transformation between the fcc and the bcc lattice is thus iat~iceillustrating thc continous transition to the bcc
described by the continuous change of a single variable, latlicc by var).ing c/a according to the Rain path.
namely the c/a ratio, so that c/a= 42 refers to the fcc
and c/a=l to the bcc strttcture. I t should be noted. that
this Bain transformation is just one possible path berween these two structures and that other, more
complicated transformations have also been found experimentally.
2. COMPUTATIONAL DETA fLS

We use quantum mechanical calculations to obtain the total energy at T=O on a first principles
basis. We compute the electronic band structure within the density functional theory and the local density
approximation (LDA) by means of the Full-Potential Linearized-Augmented-Plane-Wave (FP-LAPW)
method employing the WIEN93 code published by Blaha et al.(l1)Since the structural energies are often
only fractions of 1 mRy the calct~iationswere carried out for a sufficiently large number of k-points in
the irreducible wedge of the bct Brillouin zone (between 540 and 1800 k-points, depending on the
system). A very high precision in the total energy results is necessary and was obtained by using a
plane-wave cutoff RxK = 9 leading to about 140 basis f~~nctions.
The total energy (at T=O) is computed

as a function of volume V and c/a ratio (Bain variable), the two most important parameters.
In a previous study'I2' we have performed such LAPW calculations for selected simple metals (Li,
K, Rb, Ca, and Sr) and transition metals (Ti and V) and discussed their similarities and differences. For
each system we calculated the total energy for at least 8 different volun~esand 10 different c/a ratios.
From this series of self-consistent FP-LAPW calculations we derive total energy surfaces E(c/a,V). This
information was used to discuss e.g. the pressure induced phase transition in Ca.(12' At this point we like
to mention that this part of our work is similar to previous investigations by Chen et al.'13' for the
h c p ~ b c transition
c
in barium and the reader should be aware that other quantum mechanical models have
been applied to this problem by various author^."^'."^'
By fitting the FP-LAPW total energies to a polynomial, we obtain an analytic expression for the
energy surface E(c/a,V) given by:

To monitor the convergence of the fit we performed a least square procedure using orthogonal Chebychev
polynomials from which the final polynomial given in Eq. 1 was derived. This analytic expression allows
to calculate several characteristic quantities such as the bulk modulus B=(C,,+2C12)/3 and the tetragonal
shear constant C7=(C1,-Cl,)/2 which - in the cubic case - are related to the respective elastic constants C,,
and C,,. The expansion given in Eq. 1 is equivalent to the soft-mode model proposed by ClappC6'who explaines the occurance of MPTs from nucleation due to local strains.

3. A MEAN FIELD MODEL FOR MPTs
It has been noticed already, that there is a formal similarity between structural and magnetic phase
transitions. Lindggrd and ouri its en'^' discussed structilral phase transitions by mapping the relevant
properties to an king model where they assume that the two structural modifications are equivalent to the
a ferro- and an antiferromagnetic solution of the Ising hamiltonian. In a later
both authors present
a fluctuation model based on their magnetic hamiltonian. The anharnionic model proposed by Krumhansl
and Gooding"' describes the MPT in terms of a Landau expansion of the free energy by assuming local
displacements which are scaled to low lying phonon modes. Recently a mean field model has been
presented'"' which treats the thermal properties on the basis of fluctuations of the mean square
displacement. All these models have one thing in common, namely that they no longer rely on the
softening of a certain phonon mode. Random excitations of small scale displacements are sufficient to
trigger the phase tiansition.
To introduce the effects of finite temperature we generalize the Landau expansion given by Eq.
1 by introducing local fl~~ctuations
of the order parameters which represent the small displacement^.'^^' The
fluctuation of the Bain variable is denoted by k(r) (along c/a) and the fli~ctuationof the volume by v(r).
Formally this means that we replace the order parameter c/a by <c/a + 5(r)>, where o denotes the
statistical average over the phase space of the fluctuations in the Gaussian approximation. At T=OK, when
the fluctuations vanish the original Landau expansion (ELI.1) is regained. The thermal dependence of the
fluctuation is calculated by determining the free energy of the fluctuation hamiltonian which is derived
in analogy to the classical spin-fluctuation hamilt~nian."~'With our ansatz we have assumed that our
fluctuations can be represented by independent particles moving i n a mean field. With fluctuations the
energy becomes a function of four variables, ~ ( c / a , ~ , < k ( r )<v(r)'>)
~>,
where the fluctuations are assumed
to be non-centered random variables varying on a spatial scale larger than the range of interactions. In
the Landau-Ginzburg expansion of the free energy, non-local effects are taken into account by the lowest
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order gradient terms and the hamiltonian reads:

H

=
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Using this Hamiltonian we calculate the free energy via a classical partition function integral over the
phase space of the fluctuations. Since this function integral cannot be calculated in general, the best
possible approximation to the exact free energy is obtained from the Peierls-Feynman inequality, a
procedure which essentially describes a variational derivation of a mean-field model. For the classical
strain- and volume-fluctuations we obtain:

where the function , K x ) is given by: f(.(s) = I-(arctan(x))/x. The energy contribution of the fluctuations is
given by the function (I defined by:

The equations of state are derived by req~liringminimization of E and @ with respect to the variables c/a
and V. For a given temperature, the equations must be solved self-consistently to obtain c/a, V, (c2(r)),
and (v2(r)). The energy function E(c/a,V) is defined by Eq.1 and is thus given by the T=OK ground state
total energy calculated from the electronic band structure. However four new parameters appear in Eqs.
3,4, namely the two "stiffness" constants K and Q and the two cut-off wave vectors k, and q,. Within our
classical model, the correlation function has an Ornstein-Zernicke form and the fluctuation is given by
the k-space integral over the k-dependent susceptibility (we use the term susceptihilig in analogy to
magnetic systems also for the structural properties, but in its more general meaning as a response
function), which for a system isotropic in k gives:

and analogously for the volun~efluctuation. In Eq. 6 the constant K determines the width of the
momentum distribution and kc the largest k-vector (shortest wavelength) of the fluctuation. The
introduction of this cut-off also corrects for the shortcoming of all mean-field models to treat long and
short range order interaction on the yame footing. By assuming that all fluctuations of the order parameter
behave in an average manner, the mean-field model neglects fluctilations of the order parameter in which
nearby parts of the system, while remaining correlated with each other, deviate from the average
behaviour. This is also why mean-field models usually overestimate the critical temperature. With the
inclusion of the Ginzburg term in our hamiltonian (Eq.2) we have already improved for this problem but
the decay of the correlation function with increasing k is still too slow, so that kc remains as an

independent scaling parameter for the transition temperature.
The total energy U=F+TS contains contributions of both order parameters c/a and V. The two sums
in Eq. 7 are typical for our classical model and just count the number of degrees of freedom (number of
waves) and cause a constant energy shift.

By ploting U as a function of c/a and V (for T=const.) we can study the temperature evolution of the
order parameter describing the structural transition. We conjecture that the entropy contribution to the total
energy stabilizes the high temperature phase so that the fluctuation model describes an entropy driven
phase transition, a result that was also derived by Kerr and Rave.'"'
4. RESULTS AND DISCUSSION

The combination of our quanturn mechanical (T=OK) calculations with the finite temperature
Ginzburg-Landau model allows to study remperarure induced phase transitions. In this paper we apply this
approach to Sr and show in Fig. 3 the
total energy surface U(c/a,V,T) for T=OK
and a temperature above the transition
~ C C
f cc
temperature T,. The T=OK total energy
340
surface (lower panel of Fig. 2) shows that
two minima exist along the Bain path.
330
Both minima appear at values of c/a
which correspond to cubic structures (see
sect.]) and have almost the same total
energy. For a detailed discussion of the
*L 320
1Z
energetics of the Bain transfosnlation and
0
a con~parison of the resulrs for other
??.
alkaline, earth-alkaline, or transition
E 31 0
O
metals we refer to Sliwko et al.''*) With
% 340
rising temperature the c/a fluctuations
flatten out the local minimum at the fcc$
structure (c/a=d2) which finally
330
disappears at a temperature T,, where a
3
first order phase transition occurs. The
0
order parameter c/a changes disconrinoi~s- >
320
l y from d 2 to 1 which means that for
T2T, the bcc structure becomes stable.
The upper panel of Fig. 2 shows the total
310
energy surface at a temperature slightly
above T,$. where only a single minimum
0.8
1 .O
1.2
1.4
1.6
at c/a=l remains but an anisotropy reniiniscent of the low temperature fcccla ratlo
minimum can still be seen. In our model
Figure 2: Energy surfaces for the Bairl-path in Sr for T=OK (lower panel) and
the transition is connected to a
a temperacure just aho\*c the M P T temperalure T, (uppcr panel). The labels
value for C', which is the relevant elastic in
con,our
are in
of
mRy,
constant for the Bain transfoniiation. If a

-
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different fluctuation drives the phase transition the corresponding elastic constant, or a linear combination
of thein must vanish.
In this paper we discuss a physical mechanism in which the atomic motions are dominated by
random fluctuations whose mean square amplit~rdesat T, are about 4% of the order parameter. These
excitations are localized in real space but delocalized in reciprocal space while phonons show just the
opposite dependence. Since for large excitation energies random tluctuations will be less favourable than
collective n~otions(phonons), it depends on the specific energetics of a system, whether phonons or
fluctuations drive a phase transition. Nowadays it is possible to compute such energies from first
principles on a quantum mechanical basis. As long as the relevant order parameters can be found and we
are in a regime, where fluctuations dominate, our combined model provides a possible description for a
martensitic phase transition.
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