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Abstract. A derivation of constitutive equations in a general three—dimensional setting is described, based on an
additive decomposition of the rate of deformation tensor. The rate of deformation tensor is assumed to consist of an
elastic part, a thermoelastic part, a plastic part, and a part due to phase transformation. The thermoelastic part due to
thermoelastic coupling accounts for the influence of temperature near phase transformation, while the plastic part is
taken in the form of classical flow theory of plasticity with combined isotropic and kinematic hardening, where the
back stress represents a tensor of orientational microstresses. It is assumed that the part due to the phase transformation
depends on the first and the second invariant of the tensor of crystallographic distortion, on the deviatoric part of
the stress tensor, and on a special evolution parameter describing the rate of forming of a new phase. The derived
constitutive equation is given in an explicit form with the corresponding tensor generators of the representation together
with the irreducible integrity basis of the relevant tensor functions.

1. INTRODUCTION

A description of a complex nature of internal crystalline transformations, which induce special mechanical
properties of shape memory materials, requires a set of constitutive equations that are general enough to
describe the dependence of internal transformations, which can take place in a parent crystal, on a stress,
temperature, and a deformation history of the material, to name just a few. One of the main goals in
proposing an adequate constitutive model for shape memory materials is a formulation of constitutive
equations that include a set of internal variables, which are easy to identify, easy to observe, and easy to
measure experimentally. Then the necessary internal variables can be incorporated in constitutive equations
in a general three—dimensional context. Specialization to a particular state of stress, like uni—axial or
simple shear, then follows directly from a general three—dimensional version of equations. One among
possible derivations of constitutive equations in a general three—-dimensional setting is based on an additive
decomposition of the rate of deformation tensor. In this type of formulation the rate of deformation
tensor is assumed to consist of an elastic part, a thermoelastic part, a plastic part, and a part due to phase
transformation. To justify such a decomposition for constitutive description of shape memory alloys we
take into account most frequently encountered characteristics of load—deformation behavior. Shape memory
materials exhibit a strong dependence on temperature in load—deformation curves. At low temperatures the
behavior is almost like the behavior of plastic body with an initial elastic branch, yield limit, and creep upon
loading, and residual deformation upon unloading. The main difference from the usual plastic behavior is
the existence of lateral elastic branches along which the body can be loaded beyond the yield limit. Athigher
temperatures the load—deformation curves change in the sense that there is no residual deformation upon
unloading. This type of behavior is called pseudo-elastic, because there is a complete return to the origin in
a loading—unloading cycle like in a classical linear or nonlinear elasticity, but the path of return takes on a
form of hysteresis. Consequently, the elastic part of the rate of deformation tensor can be taken in a standard
form of a generalized Hooke’s law. For engineering and for some other types of practical applications it is
permissible to consider an isotropic version of the Hooke’s law. On the other hand, the thermoelastic part
due to thermoelastic coupling with the temperature dependent material constants accounts for the influence
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of temperature near the phase transformation. The plastic part is taken in the form of classical flow theory
of plasticity with combined isotropic and kinematic hardening where the back stress represents a tensor of
orientational microstresses. Furthermore, it is postulated that the part due to phase transformation depends
on the first and the second invariant of the tensor of crystaliographic distortion of phase transformation, on
the deviatoric part of the stress tensor, and on a special evolution parameter describing the rate of forming of
anew phase. The elastic part of the rate of deformation tensor is connected with the objective rate of Cauchy
stress through the tensor of elastic compliance. As a result, under the adopted assumptions, a general form
of derived constitutive equations takes on a similar structure as constitutive relations in finite deformation
thermoplasticity.

2. FORMULATION OF PARTICULAR PARTS OF CONSTITUTIVE RELATION

From a continuum mechanics point of view we are dealing with macroscopic physical quantities. This
notion is very important in defining the scale of formulation. Because the modeling region must be large
enough it contains a large number of microrelated entities like grains in polycrystalline state or martensite
plates in a single crystal state. These physical quantities, which can change quite rapidly on a scale of a
larger subdomain, are then averaged over the chosen characteristic region 2 presumed to be representative
enough to capture main characteristics of heterogeneous medium. To eliminate such a complicated spatial
dependence, we average the local field variables over the representative dormain using directional averaging
over the complete solid angle w. Such a procedure can be employed even if more general concept of
directional averaging is needed. For example, by introducing an orientation distribution function #{w) in
the formulation, the function #{w) can be considered as a weighting function of the integral relation of
ensemble averaging, and the transition between micro and macroscale can be achieved by the volumetric
average of local quantities employing the formula

Cassot = () =11V [ M) av (@) (1)

In what follows, we consider variables defined on a global level that are connected with the variables on a
local level by Eq. (1).

We assume that the constitutive model admits an additive decomposition of the rate of deformation
tensor D representing a symmetric part of velocity gradient evaluated at current configuration L = dv/dz =
D + W, where @ = xe; is a position vector of the material point and e; is the associated base vector of
the 3D Euclidean space. The skew symmetric part of velocity gradient defines the corresponding spin tensor
W. Such an additive decomposition can be utilized by considering various thermo-mechanical effects that
may take place during the process

D= DEL + DET + DPT + DPD- (2)

Here Dy, = C~': & is the elastic part, C™! is the fourth rank tensor of elastic compliances, & is an
appropriate objective rate of the Cauchy stress. For example, the tensor of elastic moduli C expressed in
terms of Lame constants A and u as well as the Jaumann co-rotational stress rate can be written as

o=06+0 W-W-o=6+82°:L, = 2ieiejerey,
827 = L(oidji — ojbir + ojxbil — oubjr)eiejere;, bi; = e -ej,
C = (3/\ + 2;1).7 + 2/.LK: = [(3/\ + 2;1,).7,']‘];,1 + Q;LIC,-jH]e,-e]-eke,,
Lijrt = Tijir + Kajer = 38:;601 + 5 (88t + 855841 — 26i56k1).

®3)

2.1 The thermoelastic part

The thermoelastic part of rate of deformation tensor Dz, can be additionally split into two parts: the part
due to volumetric thermal expansion with the corresponding tensor of thermoelastic expansion coefficients
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H, as in standard thermoelasticity, e.g., in isotropic case we have Hy = — 31 where J is the coefficient of
volumetric temperature expansion, and the part due to pseudoelasticity with the tensor H, characterizing
thermal softening effects

_ - Tro 01n K(6) 1 dInG(6) ;
.DET—(H0+H1)0— (Ho 0K 30 I 5C 50 Deve ) 6, (4)

where Ti(-) is the trace operator, Dev(-) designates a deviatoric part of the operator, K(6) and G(9) are
temperature dependent bulk and shear moduli, respectively. Even with this two simple types of constitutive
relationship various reversible thermoelastic and pseudoelastic phenomena can be described [8-11].

2.2 The phase transformation part

In the process of transformation the alloy can be viewed as a mixture of a parent austenite phase and the
product martensite phase. By employing the volume fraction of martensite as an internal variable, the
transformation kinetics is given as an evolution equation of the internal variables. The evolution equation
for the product phase { = V,/V is postulated as

£ = Xo(Is,11,,8,6)0 + Xo(I5, I,,0,6): 6, where I, =Tro, II, = iDevo:Devo = 152, (5)

which is a generalization of a standard 1D-evolution equations as described in [1} and [4]. One among
possible generalizations is to consider a material time derivative of an effective-equivalent stress & as
a substitute for uni-axial stress in original 1D equations. This yields Xg = X Devo where X =
X(Is, Hgs,8,€) is the corresponding constitutive function. However, such an approach may not always lead
to the satisfactory results as pointed out in [12]. Therefore, in the course of further development, the general
form of the evolution law (5) will be used. For example, we can use one of the simplest relations describing
the kinetics of transformation the so—called the Koistinen—-Marburger and the Magee—type of kinetics

A¢cu
a6

E=1—exp [—koE*: o+ kopo

(6~ us)] (6)

where A¢. x (0) represents the chemical driving force as a difference between the specific chemical energy in
both phases, E”* is the transformation strain, 8,, - the martensite start temperature, ko is the material constant,
and po material density referring to the reference configuration. Further details of the transformation kinetics
together with a comprehensive discussion of its implications in transformation induced plasticity can be
found in [3],[4] and [6]. As aresult, the equation (6) which is an extended three-dimensional version of the
Koistinen—~Marburger and the Magee-type kinetics leads to the postulated form of phase kinetics evolution
law (5) with

8A
log(l — &) = —koE*: o + kapo Bd;CH (0 — Ous),
, dA
Xo =ko(l = §)E*, Xg = kopo(l &) _6%1 .

According to the theory of a single variant transformation, the tensor of crystallographic distortion F is
defined by the transformation da () = F - da(y) that defines the relationship between the parent phase (1)
and the product phase (2). With the help of F the kinematics between both phases is completely defined.
Consequently, the bulk effect of phase transformation due to the volumetric dilatation of the lattice attributed
to the lattice distortion tensor F is related to the volumetric distortion rate, which is assumed proportional to
the constitutive response function and to the rate of forming of a new phase. Similar reasoning applies for a
deviatoric part that accounts for the extent of plastic accommodation during the phase transformation. Both
parts combined yield the evolution equation for the rate of deformation tensor due to the phase transformation

D;r = xo(Ir) € I+ x1(1I5)  Deve,
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which by virtue of Eq. (5) can be put in a general form used in further development
Dry = Hy(Ir, I 7,0,6)0 + Sy(Lo 5, o 5,6,£): 6 = (Hay; 6+ Spijrr ori)eie;. (7)
Here the constitutive tensors H, and S are given by

H, = xoXoI + x1XeDeve = (x0Xsdi; + x1X9Devo;;)e;e;,

8
Sy = XQI® Xo + XlDevcr R Xo = (Xo(g,'jX;:l + XlDeva,-jX,‘c’,)e,-ejekel. ( )

2.3 Orientational back stress and plastic irreversibility

Most shape memory alloys exhibit some sort of quasi—plastic behavior at low temperatures, in some alloys
this can happen near the room temperature, whereas at comparably higher temperatures the effect of
pseudoelasticity sets in. To model the effect of plastic irreversibility at lower temperatures we use standard
concepts from classical plasticity. The plastic part of the macroscopic rate of deformation tensor due to
dislocation movement is determined by employing the well-known normality condition. Consequently, we
define the plastic flow rule as

D., = /\g—i, F(o,a,k) = f(o — a) —x(§,6,¢) =0, & = 2Dpp:Dyp, (9)

where F(o,a,x) = 0 is a yield function, ¢ = [ &dt an equivalent or effective plastic strain, «(, 6, £)
strain hardening and temperature softening parameter depending on the amount of the product phase ¢, o
is orientational microstress which results in controlling the kinematic hardening according to the standard
definition of a back stress. It is represented by a linear combination of deformation rates due to dislocation
plasticity and transformation induced plasticity with the corresponding constants—weights which control the
influence of each particular term:

&=a+ 2% L=0a1Dpp +a2Dpr. (10)
The function f(o — «) in (9) represents a hypersurface in the space of stresses o and microstresses o, In
the most general case, for f(o — o) to represent a scalar invariant under the orthogonal isotropy group, we
have the dependence
f(a - a) = f('}lm j207 fsa, jlaa jZon j3a, Joay jacra, /000)3

where the invariants are defined by

Ao = Tro, o = Tre, Hre =Tr(o - 7),
Fro =Tr(a-a), S, =Tt(o-0-0), F.=Ta a-a),
Ioa =Tr(o ), Fpou =Tr(o-0-a), Fsopa=TiHo a-a).

For example, one among possible choices for the function f belongs to the J; class of yield surfaces
flo —a) = iDev(o — a):Dev(o — @) = L I2s — Ioa + 120 — H(F10 — F1a)’. (11)

By employing a consistency condition F' = 0 and solving for A we obtain

) Ok : Ik Ok
RS _ Lo 9k e )
A=a7(p-p: S, afx,,).a 6 (cop: H, + 5+ —3€X0)+ .
a 8 a a
+ p: 2 :L], where A:alp:p+a—z(§p:p)1/2, and p= _&J; = ——61];'
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Consequently, on a macroscale the rate of deformation tensor due to dislocation plasticity can be written as

Dpp =H3;0+S83:6+ A pop: Q%L =

. . o N : (13)
= (H3:j 6 + Ssijri 601 + A7 pij prs 27541 Lia)eie;,
where the constitutive tensors H3 and Sz are defined as
H,=-2" {Q2X0 [xo(p: I) + x1(p:Devo)| + 0x/08 + Xgaﬂ/af}p =
= A" {a2X9 [Xo(Pmn5mn) + x1 (p,,mDevam,,)] + Ok /00 + Xgan/af}p;je;ej, 19
14

Sy =471 {P ® p — [a2(xo(p: I) + x1(p: Devo)) + 9x/0¢]p ® Xo} =

= A_I{Pijpkl — [@2(Xo(PmnSmn) + X1(PmnDevOma)) + 6&/3§]pz’jXZI}eiejekez-

3. THE STRUCTURE OF CONSTITUTIVE EQUATION

By substituting expressions (4),(7) and (13) representing different parts of rate of deformation tensor into
Eq. (2), after multiplying by C and carrying out necessary algebraic manipunlations we obtain the relation

6 =L:L—Z0=(Lijii L — Zij f)ese;, (15)
where the constitutive tensor £ is of the form

3
L=(I-C: Z S4)T(C— 27 — X) = Lijrieiejerer,
A=2

s (186)
Lijkt = (Tijmn — Cijrs Z S Y Y Comntt — 2% 51 — Xmnki)-
A=2
The tensor x which originates from the corotational rate of the back stress is given by
X = A_IC:p ® p: 2% = (A—"lcijmn Pmn Prs Qggkl)eiejekeh (17)

while the coupling between the stress rate and the temperature rate in the constitutive relation (15) is
represented by the tensor =

8]

3 3
=(Z-C: Z SA)_I: (C: Z HA) = Z;jeej,
A=2 A=0 (18)

3 3
Zij = (Zigmn — Cigrs 3 Sinn) ™ Connit y_ H).
A=2 A=0
Equations displayed above represent a formal structure of a set of constitutive relations describing the
behavior of shape memory alloys. The equations are based on an additive decomposition of the strain
rate tensor. Such a decomposition will always lead to the above structure of equations providing that the
evolution equations of each particular part in the decomposition (2) are of the similar form as chosen in this
work. In the explicit form the part described by Eq. (16) that pertains to the velocity gradient reads
L =80T + 6K + £2Devp @ Devp + €31 ® Devp + €4Devp @ I + ¢5Deve @ I+
+ £sDevo @ Devp + (7Devo @ DevX g + €31 @ DevX g + f9Devp @ DevX o + 70827 +
+ 11 ® (Devo - Devp — Devp - Deve) + j2Devo ® (Devo - Devp — Devp - Deve)+
+ 73Devp ® (Devo - Devp — Devp - Devo) + 341 ® (Deve - DevXg — DevXg - Devo)+  (19)
+ 7sDeve @ (Devo - Devp — Devp - Devo) + 36Devp @ (Devo - Devp — Devp - Devo)+
+ 721 @ (Deva - Devp — Devp - Devar) + jsDeve @ (Deva - Devp — Devp - Deva )+
+ j9Devp ® (Deva - Devp — Devp - Devar),
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while Eq. (18) associated with the temperature rate term has the following form
= = I + 1Deve + ¢;Devp. (20)

The coefficients £ x, 7x, and ¢, form an integrity basis for the representation of constitutive tensors £ and
=. The representation can be considered irreducible. Beside other material constants the coefficients of the
representation depend on the mixed invariants of the tensors p, o, and X

€K=€K(/l,/2,/3,/4,j5), K=0,...,9
]K=.7K(/1’f2’/3a/4’/5)7 K=0,...,9
§L=§L(/1aj2,/3,/4,/5), L=¢,...,2

where the invariants ¢,,, M = 1,...,5 are defined as

F, =T(Xeg), _#,=Ti(Devp-Devp), _Z, =Tr(Devp-Devo),

#+ = Tr(Devp -DevXeg), ¢, =Tr(Devo -DevXge). 1)
In the derivation of (16), (17) and (18) it has been assumed that the tensor p represents the normal to
the yield surface f(¢ — a) which in turn depends on the difference between the macro stress and the
orientational back stress only. Moreover, for the yield surface (11) we have p = Dev(o — a) and the
structure of (19) and (20) remains unchanged except for the slight simplifications in the coefficients £z,
JK, SL, and in the invariants ¢, . If we decide not to use the corotational rates in our formulation, but
material rates only, then the coefficients jx drop out (yx = 0V K € {0,9]), and the expression (19)
simplifies significantly. Furthermore, neglecting the effect of orientational back stress, i.e. o = 0 so that
Devp = Dever, additionally simplifies the constitutive equation.

4. CONCLUDING REMARKS

In this paper we have considered a derivation and a formal structure of constitutive equations that tend
to describe the material behavior of shape memory alloys. The concept of presentation was based on
the classical concepts of phenomenological theory and was mainly discussed in terms of macroscopic
thermoplasticity. The model presented in the paper can accommodate a variety of special models described
in the literature by making appropriate adjustments among the coefficients and tensor invariants forming
the equations of the model. In terms of future research the very important aspect that should be addressed
is a detailed calibration and experimental characterization of the behavior of shape memory alloy under
the conditions of multi-axial loading. Once such data is known and readily available, the identification of
appropriate constitutive functions can be straightforward, and the theoretical modeling can make a significant
progress.
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